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We study unextendible maximally entangled basis in arbitrary bipartite spaces. A systematic way of constructing a set of d 2 orthonormal maximally entangled states in
is provided. The complementary space of the set of these d 2 orthonormal maximally entangled states contains no maximally entangled states that are orthogonal to all of them. Furthermore, we investigate mutually unbiased bases in which all the bases are unextendible maximally entangled ones. We present two unextendible maximally entangled bases in C 2 C 3 which are mutually unbiased.
PACS numbers:
I. INTRODUCTION
Quantum entanglement plays vital role in quantum information processing and has been extensively investigated in recent years [1, 2] . It gives rise to the intrinsic distinction of quantum mechanics, and is tightly related to some fundamental problems in quantum mechanics such as reality and non-locality. It has been shown that there could be sets of product states which nevertheless display a form of nonlocality [3, 4] .
Considerable theoretical results with useful applications have been obtained, ever since the concept of unextendible product basis (UPB) in multipartite quantum systems has been introduced in [3] . The UPB is a set of incomplete orthonormal product basis whose complementary space has no product states. It is shown that the mixed state on the subspace complementary to a UPB is a bound entangled state. Moreover, the states comprising a UPB are not distinguishable by local measurements and classical communication.
The UPB is generalized to unextendible maximally entangled basis (UMEB) [5] : a set of orthonormal maximally entangled states in C 
If a physical system is prepared in an eigenstate of basis B 1 and measured in basis B 2 , then all outcomes are equally probable. A set of orthonormal bases
is called a set of mutually unbiased bases (MUBs) if every pair of bases in the set is mutually unbiased.
MUBs have useful applications in many quantum information processing, such as quantum state tomography [6] [7] [8] , cryptographic protocols [9, 10] , and the mean kings problem [11] . The maximum number N (d) of MUBs is no more than d + 1. It has been shown that N (d) = d + 1 when d is a prime power [6] . However, when d is a composite number, N (d) is still unknown. Even for d = 6, we do not know whether there exist four MUBs or not [12] [13] [14] [15] . Hence the research on N (6) and construction of MUBs in C 6 is of great importance. In this paper, we first study UMEB in arbitrary bipartite spaces
We provide a systematic way in
. We show that the subspace complementary to the d 2 -member UMEB contains no states of Schmidt rank higher than d − 1. Thus we answer the question proposed by S. Bravyi and J. A. Smolin in [5] whether there exist any "nonsquare" UMEBs, i.e. UMEBs in the bipartite spaces with different dimensions. Moreover, we construct two complete UMEBs in C 2 C 3 which are mutually unbiased.
II. UMEBS IN
We first study unextendible maximally entangled basis in bipartite spaces with different dimensions.
Definition. A set of states
Here state |ψ is said to be a d ⊗ d ′ maximally entangled state if and only if for arbitrary given orthonormal complete basis {|i A } of subsystem A, there exists an orthonormal basis {|i B } of subsystem B such that |ψ can be written as |ψ =
. Consider the following four maximally entangled states in C 2 C 3 :
where {|0 , |1 }, {|0 ′ , |1 ′ , |2 ′ } are the orthonormal bases in C 2 and C 3 respectively, σ i , i = 1, 2, 3, are the Pauli matrices. It can be easily checked that the above four states are mutually orthogonal. Now we prove that if there exits |ψ such that φ i |ψ = 0, ∀ i = 0, 1, 2, 3, then |ψ must be a product state.
|ψ can be generally written in the Schmidt decomposition form,
where
The orthogonal relations between |ψ and |φ i give rise to the following equations: 
and
where T denotes matrix transpose.
Since detM = 0, we obtain − → v = − → 0 , which implies that det V = 0, and hence V cannot be unitary. Thus (1) is a 4-member UMEB in C 2 C 3 , whose complementary space contains no entangled states.
We now construct UMEBs in 
Applying this set of unitary operators to the first party of a given maximally entangled state in
2 mutually orthonormal maximally entangled states:
p=0 |p |p ′ . We now prove that if there
such that Φ nm |Ψ = 0 for all n, m, then |Ψ cannot be of Schmidt rank d, i.e. |Ψ must not be maximally entangled.
|Ψ can generally written as
where λ p > 0 for all p, 
These equations can be expressed in a compact form:
A is a permutation matrix,
it is easily verified that detM = 0, which implies that
Like the UMEBs in C d C d , our "nonsquare" UMEBs have also interesting and useful applications in quantum information processing. For example, as it has been noted in [5] , the relation of the complementary space to unital channels would be broken. Let
on a d ⊗ d ′ bipartite system H A H B corresponds to a completely positive map Λ : B(H A ) −→ B(H B ) by Jamiolkowski isomorphism [16] , and Λ is a quantum channel since T r B (ρ
But the corresponding channel would not be unital since
Besides, as ρ ⊥ cannot be a mixture of maximally entangled states, Λ cannot be convex mixtures of unitary operators.
III. MUBS FROM UMEBS IN
MUBs, UPBs and UMEBs have significant applications in quantum information processing. In this section we study the possibility that all the bases in MUBs are also UMEBs. We construct two UMEBs in C 2 C 3 which are mutually unbiased.
By using (1) we have the first UMEB in C 2 C 3 :
Starting with another basis in C 3 :
It is directly verified that the above two bases (7) and (8) are mutually unbiased.
IV. CONCLUSION AND DISCUSSION
We have studied UMEB in arbitrary bipartite spaces, and provided explicit construction of UMEBs in 
